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The first and simplest example of a subset of the real line that is not 
measurable (in the Lebesgue sense) was given by Vitali [5]. An essential 
role in it is played by the axiom of choice, which cannot be released in the 
construction of such a set-a result shown in 1970 by Solovay [4]. 
Starting with Vitali’s concept and using considerations of elementary 
number theory, more generally a set D can be constructed, for which 
inner and outer measure differ everywhere (i.e., on every measurable 
set) as much as possible [I]. A suitable modification of this procedure 
yields a partition of the real line into a countable number of such sets- 
an improvement occasionally important in the construction of counter- 
examples [2]. 
The purpose of this paper is an especially simple construction of such 
a partition, which moreover is composed of sets with additional 
properties. The essential point in this treatment consists in employing 
not only the consistency of Lebesgue measure with the additive structure 
of the real numbers (which is solely needed in Vitali’s procedure) but 
also the consistency with the multiplicative structure. 
First let (X, 2I, p) be an arbitrary measure space. Then the inner 
measure p.+ and the outer measure p* are defined by 
p,(C) := sup (p(A) : A E % and A C C} for CC X, 
p*(C) := inf {p(A) : A E 2I and A 3 C} for CCX. 
For these set functions the following proposition, which is well known 
and easily established, holds: 
LEMMA 1. [f the measure space (X, ‘3, p) is a-$&e, then for C C X 
there exist sets C, , C* E M with C, C C C C*, such that 
k(A) := b4 n C) = 4 n G> for all A E ‘91, 
,u~(A) := p*(A n C) = ,u(A n C*) for all A E ‘?I. 
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Now let (R, 8, A) be the measure space defined by the set of real 
numbers, the u-algebra of Bore1 sets and the Lebesgue measure. Then, 
with the notations 
B+t:={x+t:xEB} and SB := {cc: XEB}, 
the following proposition, which is also well known and easily established, 
holds: 
LEMMA 2. If the measure p on ‘8 is Jinite on bounded sets, then the 
following statements are equivalent: 
(I) p(B+ t)==p(B) forBEBandalltER, 
(2) p(sB) = ( s / p(B) for B E !IJ and all s E R, 
(3) p = yh with 0 < y < 00. 
Moreover, a measure theoretic lemma will be needed: 
LEMMA 3. Let the set C C R satisfy one of the following two assump- 
tions: 
(4) C + t = C for t E T with a set T dense in R, 
(5) SC = C for s E S with a set S dense in R. 
Then there are exactly three possibilities: 
(6) h*(C) = 0, 
(7) h,(C) = 0 and X*(B n C) = h(B) for all B E %J, 
(8) X,(B n C) = h(B) for all B E 8. 
Proof. Since the argument is completely analogous under both 
assumptions, let for instance condition (4) be satisfied. Thus B C R 
being arbitrary the following identity holds 
(B + t) n C = (B + t) n (C + t) = (B n C) + t for t E T. 
Since A, and A* share with h the property (l), this implies 
h,.(B + t) n c) = h,(B n C) for BEB and t E T, 
h*((B + t) n C) = A*(B n C) for BE% and t E T. 
Consequently, TV being one of the measures A, and AC on B defined in 
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Lemma 1 and 3 being the class of all bounded intervals, it follows that 
P(I + t> = P(I) for IEJ and tET. 
Since the function f(t) = ~(1 + t) is continuous for I E 3 due to 
I) = 0 for x E R, it follows moreover that 
PL(I + t) = P.(I) for 1~3 and tcR. 
Since 3 is closed under the formation of intersections and generates the 
u-algebra 23, it follows finally that 
/-@ + t) = P(B) for BE% and tcR. 
Since p satisfies the finiteness assumption of Lemma 2, this yields 
AC = YCX and xc= yCA, 
where by definition of A, and A* the constants fulfil the inequality 
0 < yc < yc < 1. With the sets C, and C* of Lemma 1 this implies 
w f-l C*) = Yc W) for BEB, 
A(B n C”) = yc h(B) for BEB. 
If in these equations the set B is replaced by B n C, and B n C*, 
respectively, it is easily verified that 0 and 1 are the only possible values 
for the constants yc and yc. In view of yc < yc this concludes the proof 
of the assertion. 
Finally, an algebraic lemma will be needed: 
LEMMA 4. Given an arbitrary field KC R, there exist sets A and M 
with the following properties:l 
(9) A + t = A for t E K, 
(10) C K = U,,+sa (sA) with disjoint sets sA, 
(11) sM= M-for0 f SEK, 
(12) C K = ulsK (M + t) with disjoint sets M + t. 
Proof. For elements x, y E C K let x wy be true if and only if 
x=sy+t with 0 # SE K and t E K. 
1 C K denotes the complement of the set K (with respect to R). 
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As is easily verified, this defines an equivalence relation in C K. By the 
axiom of choice there exists a set X containing exactly one element x 
from each equivalence class. Now the required sets can be specified: 
il := u (X + t) and M := u (SX). 
SK O#sEK 
The properties (9) and (I 1) are an immediate consequence of K being a 
field, while in establishing (10) and (12) it is sufficient to observe that 
in the case x N y the coefficients s and t are uniquely determined. 
After these preliminaries a set D C R having the property mentioned 
in the introduction can now be constructed: 
THEOREM 1. Given a countable field K C R, there is a set D with the 
following properties: 
(13) D+ t = Dfoy tEK, 
(14) (-D) u (+D) = R and (-D) n (+D) = K, 
(15) X,(-D) = 0 = h,(+D). 
Proof. If A is chosen according to Lemma 4, the following set is 
suitable: 
D := u (~4) u K. 
O<SEK 
Indeed, from (9) follows the equation 
(s4)+t=s(A++) =sA for 0fs~K and tEK, 
and thus (13) is true. Next, the equations in (14) are an immediate con- 
sequence of (10). Since K is dense in R, in view of (13) for D there are 
only the possibilities (6) to (8) of Lemma 3; since K is countable, the 
cases (6) and (8) are impossible. In the remaining case (7) by means of 
the relation 
A*(G) + X”(G) = qc, u G) for C, n C, = 0 and C, u C, E 23, 
the equations in (15) are easily obtained. 
Next, combining Lemmas 3 and 4 yields a partition R = lJz==, D, 
with the property mentioned in the introduction: 
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THEOREM 2. Given a countable field K C R, there is a set D with the 
following properties: 
(16) SD = Dfor 0 # s E K (in particular -D = +D), 
(17) R = uteK (D + t) with disjoint sets D + t, 
(18) h*(B n (D + t)) = h(B) for all B E b and t E K. 
Proof. If M is chosen according to Lemma 4, the following set is 
suitable: 
D := Mu(O). 
This follows with the aid of Lemma 3 as in the proof of Theorem 1. 
Concluding, it should be remarked that, dispensing with sets of an 
especially simple structure, a partition of the real line formed by an 
uncountable family of sets D, with the property corresponding to (18) 
can be constructed. This has been shown in 1917 by Sierpinski and 
Lusin using the topological structure of the real numbers and deeper 
means of set theory [3]. 
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